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This study was designed to improve understanding o f the motion 
of a ir  bubbles in w ater , in order to make p o ss ib le  more p re c is e  mass 
tran sfer  c a lc u la t io n s .
An a c c u ra te ,  low co s t  photographic technique was developed for 
studying the tra jec to ry  of air bubbles rising  unrestrained in w ater .
The e f fe c t  of se v e ra l  v ariab les  on v e lo c ity  and d irection  of bubble 
movement was studied . These include: equivalent bubble radius; 
temperature; contamination; r e le a s e  pressure; v e s s e l  s i z e ,  shape and 
construction  m ateria l,  and orientation and s iz e  of the cap illary  tube 
from which the bubbles were re le a s e d .
Air bubble v e lo c i t ie s  in th is  work were gen erally  low , as  compared 
to the resu lts  o f  other experiments for a ir  bubbles in d is t i l le d  or filtered  
w ater. For sm all a ir  bubbles a smooth curve showing in c re a s e  of 
v e lo c ity  with in c re a se  in equivalent radius was obta in ed . When the 
s iz e  o f the air bubbles reached the tran sitio n  region where sp h erica l  
shape was lo s t  and the path deviated from re c t i l in ea r ity  the v e lo c i t ie s  
in crease d  with bubble radius but consid erab le  sc a t te r  was in e v id en ce .
It  was shown that the amplitude of the bubble o s c i l la t io n  from the
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re c t i l in e a r  path in creased  as  the v e r t ica l  v e lo c ity  in c re a se d .  The le v e l  
o f  contam ination w as found to be considerably  le s s  than the amount, as 
s ta ted  in the l ite ra tu re ,  required to ca u se  a reduction in bubble v e lo c ity  
o f the magnitude found in th is  study.
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INTRODUCTION
P rese n tly ,  many ca lcu la t io n s  for d esign  of adsorption colum ns, 
ferm entation v a ts ,  sew age oxidation plants and other g a s - l iq u id  system s 
must be made on the b a s is  of em pirical re la t io n s .
The system s to be designed depend upon the rate of m ass transfer  
through the w alls  o f  gas bubbles moving in a liquid. The actu a l d e v ices  
a s  operating com m ercially  do not furnish a good a n a ly t ica l  opportunity 
b e c a u se  they operate a t unsteady conditions in a matrix of many vari­
a b le s .  A sim plified system  would permit the v ariab les  to be iso la te d  
and analyzed more e a s i ly .  S in ce  the mass transfer  rate must depend in 
part on exposure time of the gas to the liquid and one l i t t le  understood 
a s p e c t  of the phenomena was rate  of bubble r i s e ,  th is  study was under­
taken to evalu ate  some of the v ariab les  which control the d irection  and 
v e lo c ity  of air bubbles in s t i l l  w ater.
This study co n sid ers  th is phenomena in terms of the terminal 
v e lo c ity  of a bubble as  a function of its equivalent rad iu s. The terminal 
v e lo c ity  is  the steady s ta te  v e lo c ity  of the bubble , under which condition 
the buoyant force  is  equal to the drag fo rce .  The equivalent radius of a 
bubble is  defined as  the radius of a sphere of volume equal to that of 
the b u b b le .
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PREVIOUS WORK
There are b a s ic a l ly  three different types of air  bubbles in w ater. 
The f irs t  type is  sp h erica l  in sh ap e . Unrestrained sp h erica l  bubbles 
r is e  v er t ica l ly  in acco rd an ce  with Stokes Law. The equivalent radius 
for th e se  bubbles is  l e s s  than 0 .3 5  mm. as stated  by M endelson (21).
The second type of air bubble has the shape of an ob la te  spheroid. 
Safem an (2 6) stated  that the equivalent radius for th ese  bubbles is  from 
0 . 5  to 3 mm. Bryn (2) gave the range as 0 .7 5  to 4 mm. for the rad iu s . 
M endelson (21) referring to the data of Haberman and Morton sta ted  the 
range in equivalent radius to be from 0 .3 5  to 3 mm. The bubble dev i­
a te s  from sp herica l shape due to the increased  s i z e .  The drag force on 
the bubble moving upward through the liquid ca u se s  the flattening of the 
bu bble , which in turn in c re a se s  the drag further. Internal c ircu la tion  
allow s the bubble to move fa s te r  due to the movement of i ts  g a s - l iq u id  
outside s u r fa c e .  The gas is  drawn from the top center along the su rface  
downwards along the outside  su rface  and then moves up through the 
ce n te r .  Z ig -zag  motion is  a back  and forth o s c i l la t io n  in one p lan e. 
H elica l  motion is  the movement of a bubble in a sp iral path . Safeman 
(2 7) stated  that bubbles assum e a z ig -z a g  motion starting at 0 . 7  to 0 . 8  
m'm. equivalent radius and that h e lic a l  motion s tarts  at 1 to 1 .1  mm.
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equivalent rad iu s. V elocity  in th is  range is  not reproducible.
The third type is  the sp h erica l  cap bubble . Garner and Hammerton 
(8) d e scr ib e  its  shape as  being hem ispherical in front and flattened at 
the rear.  Rosenberg (25) s ta te s  the shape to be the top one-fourth  of a 
sp h ere . It ranges in s iz e  upward from 3 mm. in M endelson (21) to 8 .8  
mm. equivalent radius in Rosenberg (24).
VanKrevelen (31) stated  that terminal v e lo c ity  was reached by air 
bubbles in 2 0 ° C .  water le s s  than 0 .1  mm. above the point of r e le a s e  
from the o r i f i c e .
In g en era l,  the v e lo c ity  of a sphere in v e r t ica l  motion can e a s i ly  
be determined by S tokes Law. In the c a s e  of a bu bble , S tokes Law:
V =  (2/9) (re 2gc ) (^ w ~ p a )F w (1)
is  valid only below a Reynolds Number of 1 (12). By modifying O s e e n 's  
equation as  stated  in Knudson and Katz (12) to:
V = ( ( 1 6 /1 71)gc re ) 1 /2  (2).
a correction  can be made for larger bubbles having a Reynolds Number 
up to 2 . Haberman and Morton (14) se t  the limit of ap p licab ility  for 
S tokes  Law at . 4 to .5  mm. equivalent bubble rad iu s.
For larger bubbles in or approaching the oblate  spheroid ran g e , 
H adam ard-Rybczynski1 s Law:
V = <2r V 9 e w> < p w -  ea> <3 H a + 3H w > /  <3 v a + 2 H w> <3>
can  be used to correct for the fa c t  that the sphere is  not so lid .
A simpler but l e s s  p re c ise  correlation  can  be made for ob late
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spheroids by multiplying the Stokes Law v e lo c ity  by 1 . 5 .  Equation (3) 
reduces to th is  s in c e  the air v is c o s i ty  is  very sm all compared to the 
water v is c o s i ty  in the range of water temperature that has been studied .
There are se v e ra l correla tions for the drag c o e ff ic ie n ts  for sp heri­
ca l  bubbles versus the Reynolds Number. The general correlation  for 
rigid spheres obeying S tokes Law is :
The correction  o f the rigid sphere re la tio n sh ip s  for bubbles which 
are fluid was developed from H adam ard-Rybczynski's  work. Again, the
f
s im p lif ica t io n  stem s from the fa c t  that the v is c o s i ty  of the air bubble 
is  much le s s  than the v is c o s i ty  of water at the same tem perature. The 
re su lt  is  that the correction factor 2 /3  can be used to correct equation 
(4) to:
The m odification of N ewton's Law for sp h erica l  p a r t ic le s ,  found
in Perry (2 7), for ND betw een .3  and 1000 is :
K0
Another equation developed by Harmathy (17) which could have 
been  used is :
C D -  24/ N R e . (4)
C D =  16 /N Re> (5)
(6)
Vt = 5 4 . 4d° ' 5/ ( b / a ) . (7)
C o e s te r 's  (3) equation:
is  valid for NR& between 2 and 8 0 0 .
(8)
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The v e lo c ity  equation given by Haberman and Morton (16) for a 
sp h erica l  cap bubble is :
V = l - 0 2 g cre> (9)
They gave the drag c o e ff ic ie n t  to be a constant value of 2 . 6 .
Figure 1 shows some v e lo c ity  curves for different bubble rad ii ,  
ca lcu la ted  from equations 6 , 7 , and 8 for a w ater temperature of 2 0 ° C .  
These curves are compared with experimental curves of Haberman and 
Morton (14) for both filtered  and tap w ater.
The proximity of a w all of the container ca u se s  a retardation of 
the bubble v e lo c ity  for an a ir -w ater  sy stem . This was d isc u sse d  by 
Uno and Kinter (29). They evaluated an equation developed by 
Landenberg:
V/Voo = 1/K = 1 - 2 . 1 0 5 (d /D )+ 2 .0 8 7 (d /D )3 . (10)
Other equations presented by Uno and Kinter (30) were
V c  = KV =  (1 + 9 /4  (d /D )+ (9 /4 x d /D )2)V (11)
and
V /V ^  =  1/K = ( l - d / D ) 2 ' 1 . (12)
Equation (12),  used by Garner and Hammerton (11),  was s ta ted  to
be valid for values of d/D  below . 1 and for values of N below . 2 .
Re
Equation (11) was used by Rosenberg (23). Equation (11) was said  by 
Uno and Kinter to have good correlation for bubbles o f sm all d iam eter.
The stream e f fe c t  in creased  rates of bubble r is e  by introducing an 
upward current of bubbles w hich , through drag, induce a p ers is tin g
V ertical 
V elocity , 
c m . / s e c .
Equivalent Radius, mm.
F ig .  1 . — V ertical V e lo c it ie s  from Various Equations Compared with Experimental D ata .
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upward motion to the liquid . The stream e f fe c t  of a group of bubbles 
w ill  in c rea se  the v e lo c ity  of the la ter  bubbles by a co n sid erab le  amount 
if  the la ter  bubbles are re le a se d  in rapid s u c c e s s io n .  Garner and 
Hammerton (7) quoted nine re feren ces  to support th is  fa c t .  They sta ted  
that the terminal v e lo c ity  may be tripled by a frequency greater than one 
bubble r e le a s e  per se co n d . Bubbles at a frequency of one per second 
were found to be 2 to 30 percent fas te r  than s in g le  bubbles (10).
Figure 2 is  reproduced from Garner and Hammerton (9) to show the 
d ifferen ce  betw een literature d ata , which they presume to be gathered 
on stream bubbles and s in g le  bubble v e lo c it ie s  found by experim entation.
Bubble R ad iu s, cm.
F ig .  2 . — V ertical V e lo c it ie s  v s .  Radii for Single  Bubbles and for 
Streams of Bubbles . (Garner and Hammerton)
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O kazaki (19) sta ted  that Garner and Hammerton were not co rrec t ,  
and that when bubbles were re lease d  at ra te s  le s s  than one every three 
seco n d s there were no s ig n if ican t ch an ges .
The v e lo c ity  of a bubble in the range of ob late  spheroids was said 
to be greatly  a ffec ted  by su rface  act iv e  impurities by O kazaki (18).
Haberman and Morton (13), (14) sta ted  that for equivalent radii in 
the range of 0 . 3 5  -  25 m illim eters there was a va.st d ifferen ce  in the 
v e r t ica l  v e lo c ity  for e a ch  equivalent radius depending on contam ination. 
The two s e ts  of divergent data were for filtered  and or d is t i l le d  water 
and for tap w ater. The g rea test  divergence in v e lo c it ie s  were 17 c m . / s e c .  
for tap water and 34 c m . / s e c .  for d is tilled  water at 0 . 7  mm. equivalent 
r a d iu s .
In the study by O kazaki (20), the e f fe c ts  of the su rface  a c t iv e  
agen ts  sodium dodecyl su lfa te  and isoamyl a lcohol was determined. The
_ g
reagents  were added in q u antit ies  from 1 .0  to 5000 times 10 molar.
The amount required to bring the v elo city  versus radius curve down to the
“ * 6le v e l  of tap water in Haberman and Morton (14) was about 200 times 10
— Rmolar for sodium dodecyl su lfa te  and about 1900 tim es 10 molar for 
isoam yl a lco h o l .
An explanation by Garner and Hammerton (5) for the d iffe ren ces  in 
bubble v e lo c i t ie s  among different a ir-w ater sy s te m s ,  was that in creased  
internal c ircu la tion  occurred and caused bubbles to r is e  fa s te r  in pure 
water.- Internal gas c ircu la tion  became s ig n if ica n t betw een 0 . 1 5  and
9
0 . 3  mm. in d iam eter. These data were deduced from m ass tran sfer  ra tes  
for c ircu lating  and n o n -c ircu la t in g  bubbles (6).
Surface  a c t iv e  contam inants may be introduced into the system  by 
the gas as  w ell as  by the liquid. Garner su ggested  that s to p co ck  v a s e ­
line  used on the plug in his gas delivery l in e  entered his system  and 
changed his v e lo c i t ie s .  He a lso  thought that a sim ilar thing happened 
to experim enters , Coppock and M eik le jo h n . Figure 3 shows the curve 
Garner and Hammerton (10) had for s in g le  b u b b le s ,  the contaminated 
b u b b le s ,  and the data of Coppock and M eik le jo h n .
F ig .  3 . — V ertical V e lo c it ie s  v s .  Radii for Contaminated and 
Uncontaminated B u b b le s . (Garner and Hammerton)
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Temperature a f fe c ts  the v e lo c ity  of air bubbles in w ater. In the
Stokes  Law region , the e f fe c t  of an in c re a se  in tem perature, from 1 0 °C .
to 4 0 ° C .  , was to in c re a se  the v e lo c ity  98 p ercen t.
Equation (1) shows that the v ariab les  that a f fe c t  the v e lo c ity  for a
given equivalent radius are d ensity  of air and water and the v is c o s i ty  of
w ater . The change in d e n s it ie s  d e c re a s e s  the v e lo c ity  by le s s  than 1
percent w hile the change in v is c o s i ty  in c re a se s  it  99 percen t.
Haberman and Morton (15) have shown plots of v e lo c ity  of air
bubbles in w ater versu s equ ivalent radius a t four different tem p eratu res .
The system s included were d is t i l le d  or filtered  w ater at 6 ° C .  and 2 0 ° C .
o oand tap w ater at 20 C . and 49 C . (see Figure 4 ) .  The v e lo c i t ie s  in
filtered  or d is t i l le d  water were greater at 2 0 ° C .  than at 6 ° C .  The
o o
v e lo c i t ie s  for tap water were greater at 20 C . than at 49 C .  This would







F ig .  4 . — V ertical V elo c it ie s  vs_. Equivalent Radii for Bubbles at 
D ifferent Tem peratures. (Haberman and Morton)
PROGRAM
S in ce  the tra jec to ry  of an a ir  bubble in water may be re c t i l in e a r ,  
z ig -z a g  or h e l i c a l ,  the complete descrip tion  of bubble v e lo c ity  requires 
that the actu a l path, not ju s t  the v er t ica l  path of the bubble be d escr ib ed . 
To acco m p lish  th is  o b je c t iv e  it was n e c e ssa ry  that the experim ental pro­
cedure meet the following cr iter ia : (1) The measurements must be made 
after  the terminal v e lo c ity  is  re ach e d . (2) The motion must be measured 
in both the la tera l  and v er t ica l  d irection . (3) The motion was to be 
measured over a v e r t ica l  d is ta n ce  of 5 cm. (4) The c o s t  of the study 
must be low.
By the use of a tank 90 cm. high, it was p o ss ib le  to make m easure­
ments after the terminal v e lo c ity  had been reach ed . The readings were 
over a short range, to reduce the e ffe c t  on the s iz e  and shape of the 
bubble , due to change in pressure resulting from the change in the water 
depth.
Severa l means of measurement were co n sid ered , including manual 
timing with a stop w atch , interruption of a beam betw een p h o to e lectr ic  
c e l l s  by b u b b le s ,  and photographically  with a high speed movie cam era. 
The stop watch was not used at f irs t  b e ca u se  of criteria  2 and 3 . The 
p h o to e lectr ic  c e l l s  were not used due to criterion 2 . The high speed
12
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movie camera was not used due to the exp en se  of the film and th e  time 
required to develop i t ,  and the fa c t  that the large number o f frames per 
second w as not ju s t if ie d  in view of the lack  of reproducibility  of the 
m easurem ents. M ultiple exposure photography b e s t  suited the c r i te r ia ,  
s in c e  it permitted detailed  a ccu ra te  information, while being le s s  time 
consuming and giving more immediate r e s u lt s .  During la ter  work it 
becam e d e s irab le  to gather a larger number of terminal v e lo c it ie s  quickly  
a s  a ch e ck  on reprod ucib ility , and the stop watch method was u sed .
APPARATUS
The apparatus co n s is ted  of a lighting sy stem , a cam era, liquid 
co n ta in e rs ,  an air measuring sy stem , and an air delivery sy s te m . Some 
of the experiments were carried out in a L u c i te ®  tank using the photo­
graphic method and some in a g la s s  tube using a stop w atch .
The L u c i t e ^  tank w as 91 cm. high, 29 cm. wide and 3 0 . 5  cm. 
deep . The back  of the tank was covered with a f la t  b lack  paint to 
reduce r e f le c t io n s .  The s id e s  were a lso  painted b la c k ,  ex ce p t for a s l i t  
on each  s ide to allow side illum ination. Each s l i t  was 1 .2  cm. by 15 
cm. and centered  40 cm. from the bottom of the tank , in the center of 
e a ch  s id e .  Two metal sh ie ld s  were attached  at 45 degree angles  to the 
front f a c e ,  to minimize light entering the tan k . There was an opening 
in the center back 3 cm. from the bottom to allow air to enter and water 
to be re le a s e d .  The tank is  shown in Figure 5 .
The g la s s  tube for measuring bubble r is e  v elo c ity  was 9 . 4  cm. in 
diam eter and 110 cm. high. The bottom was c lo sed  with a number 12 
rubber stopper, through which the capillary  tubing for air  input was 
in trod uced.
(r)The air delivery system  for the L u c i t e ^  tank was composed of a
(R) Registered Dupont trademark for its  a c ry l ic  panels .
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F ig . 5 . — A ir-W ater System  and Camera Arrangement.
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Sigma pump, polyvinyl chloride tubing, and a gas co l le c t io n  tube (see 
Figure 5 ).
The air was in je c ted  into the gas c o lle c t io n  tube from a needle  and 
sy rin g e , and was moved by water d isp lacem ent through the s top cock  into 
a rubber connector. The rubber connector was jo ined to p rec is io n  c a p i l ­
lary tubing. This tubing was used to measure the volume of air in the 
bubble . As air and water were fed into the tank through cap illary  tubing 
w ater could be removed from the tank through an outlet by the Sigma 
pump, thus keeping the water le v e l  co n stan t.  The water pressure was 
recorded by means of a mercury manometer connected  betw een the gas 
c o lle c t io n  tube and the pump.
Three lighting system s were u sed . Two of th e se  u tilized  #2 super­
flood bu lbs , with aluminum foil r e f le c to rs .  The third was a lighting 
system  composed of three 200 watt movie lights mounted on 4 inch 
c e n te r s .  The lights were p laced at the s id e s  of the tank so  that only 
re fle c te d  light from the bubbles reached the film .
Time la p se  photography was u sed . This procedure required a high 
speed system  for multiple exposures of the camera film. This system  
was composed of a 1 /8  horsepower motor with a d isk  attached  to the 
s h a ft .  The d isk  was 50 cm . in diameter with four s l i t s  each  8 mm. wide 
at the outer ed ge, cut at 90 degrees to each  o ther. Each s l i t  was from 
the outer edge and 9 cm. inward ra d ia lly .  For another s e t  of experim ents , 
a second d isk  was used with a sing le  3 cm. wide s l i t  at its  outer edge.
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The motor speed of 1 , 725  rpm. was lowered to a shaft speed of 
5 34 rpm. through a gear speed reducer. This system  provided 3 5 . 6  
openings per se co n d , with the duration of each  exposure being 
0 . 0 0 0 5 7 4  s e c .
The camera was a G raflex Speed G raphic , equipped with a 3 1 /4  
inch by 4 1 /4  inch sa fe ty  film holder.
PROCEDURES AND CALIBRATIONS
The procedure for measuring the v e lo c i t ie s  of air bubbles in the 
tank was as fo llow s: (1) the a ir  bubble was introduced into the cap illary  
tubing, (2) i ts  length was m easured, (3) the sigma pump was s ta rte d , (4) 
the stop cock  on the gas co l le c t io n  tube was opened to move the bubble 
into the tank , (5) the lighting system  was turned on, (6) the manometer 
w as read , (7) the d isk  motor was s tarted , (8) the film was exposed as  the 
bubble p assed  in front of the cam era, (9) the ruler was p laced  in the tan k , 
(10) the light illuminating the ruler was turned on, (11) the film was again  
exposed to record the ruler im age.
The procedure for measuring the v e lo c i t ie s  of air bubbles in the 
g la s s  tube was the same for the f irs t  four s tep s  as  it was for the tank 
m easurem ents. A stop watch was used for timing the b u b b le s .
i
The time betw een exposures of the film was dependent on the speed 
o f the driving motor a s  geared down with the speed red ucer. The a ccu racy  
o f the shaft speed was checked  with a tachom eter for both d is k s .  The 
re su lts  of the ch eck  of the speed as  shown in Appendix C , rev ea l that 
there  was no s ig n if ican t d ifferen ce  betw een the rated speed of 5 34 rpm. 
and the measured speed at the 99 percent confidence lev e l according to 
the C h i-sq u a re  t e s t .
The number of exposures on the film for a given v e lo c ity  determ i-
' . * •
n,ation was from 8 to 2 0 .  Good pictures resulted  only if  required light
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came from the side of the tank. When light was from the front the glare 
of the re flec ted  light d ecreased  the picture co n trast ,  making the re su lts  
unreadable . Light from the back  of the tank exposed a l l  of the n eg ativ e , 
ex ce p t for the outer edge of the bubble. This back lighting permitted the 
s iz e  and shape of a bubble to be determined in a s in g le  exposure . It 
was not useful for determining v e lo c ity ,  s in c e  the second in a se r ie s  of 
bubbles e x p o ses  the area of the negative the f irs t  le f t  unexposed r e s u l t ­
ing in an overexposed negativ e . Thus s id e  lighting was the only 
a c c e p ta b le  method.
The factory ca lib ra tio n  of the diameter of the cap illary  tubing was 
checked  by fill in g  the capillary  tubing with mercury and determining the 
volume of the bore by w eighing. The re su lts  in Appendix A show the 
average error of 0 . 3  percent in the bore of the 0 . 6  mm. diameter c a p i l ­
lary .
The diameter of one particular bubble image on the negative was 
measured and compared with the ca lcu la ted  equivalent d iam eter. The 
agreem ent was within 0 .0  6 mm. for a bubble 1 . 8 6  mm. in equivalent 
diam eter.
B ecau se  illum ination was from the sid e  and l i t t le  light was 
re flec ted  from the b u b b le s ,  the film had to be highly s e n s i t iv e .  Only 
two out of the four types of film tried were found to give the required 
co n trast and c la r ity .  They were Kodak Royal Pan,  with an A. S . A.
Index of 40 0 ,  and Kodak R. S . Pan,  with an A.S .A. Index of 650 .
20
S sv era l developers were tried; however, the one giving the b e s t  
re su lts  was Kodak D - 7 6 .  The A. S . A.  Index of the film could be 
in crease d  two to three tim es by the overdevelopment of the film . The 
time of development was dependent on the temperature of the developer, 
varying from 7 minutes at 3 0 ° C .  to 25 minutes at 2 0 ° C .  The developed 
film w as put in acid  fixer for 5 to 10 minutes, depending on the tem pera­
ture .
The film was f irs t  exposed to record the movement of the bubble .
A ruler was then placed in the water near the center of the tank at the 
point where the bubble r o s e ,  and the s l i t s  on the disk were aligned so 
as  to allow the light to enter and the ruler to be photographed at 1 /25  
o f a seco n d . The illum ination for th is p ro cess  came from a high in ten sity  
lamp located  in front of the tank at a 45 degree angle to the ru ler.
The ruler was p laced  about 1 cm. to the le ft of the o r i f ic e .  This 
procedure gave a c le a r  and w ell defined picture of the bu bble . I f  the 
pictures were not taken  in th is manner, the bubble image would be 
extrem ely hard to measure as  both the bubble and the ruler showed up 
b lack  on the negativ e .
To a s s e s s  the accu ra cy  of th is procedure, one negative  was 
exposed to the ruler in five  different positions to determine the amount 
o f d isto rtio n . This determination showed that if the ruler and bubble 
images were within 1 cm. of the center of the film there w as no d is ­
cern ib le  error.
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After the pictures were developed, they were made into s l id e s ,
1 in . by 3 1 /4  in . The s l id e s  were pro jected  on a w all 20 fe e t  d istant 
from the p ro jecto r . This in creased  the s iz e  of the s l id e s  35 tim es: a 
bubble having an actual diameter of 2 cm. gave an image 30 cm. in 
diam eter.
A long white sh e e t  of paper was p laced on the w all over the bubble 
images and their p o sition s  were marked. The sh e et was then placed on 
the ruler and the p ositions were recorded. The frequency and amplitude 
of the c y c l i c  deviations from the v er t ica l  movement were recorded.
Some pictures did not have a c lear ly  defined ruler im age, and it 
becam e n e ce ssa ry  to superimpose a negative with a good ruler image 
over th e se  and make the record in gs . By comparing the two ruler im ages , 
a s c a le  factor was determined and the readings corrected accord in gly .
As the re sea rch  progressed , in c o n s is te n cy  in re su lts  su ggested  
the p o ss ib i l i ty  of contamination in the sy ste m . Various determ inations 
were therefore made on the purity of the w ater. The te s t s  run were: 
su rface  te n s io n ,  chlorine content, pH, condu ctiv ity , so lid  con ten t, 
carbon dioxide content and d isso lv ed  oxygen content. To insure the 
purity of the w ater, the v e lo c ity  of the bubbles was ca lcu la ted  with 
water which was triple d is t i l le d ; triple d is t i l le d  and filtered ; and triple 
d is t i l le d ,  f il tered , and d em in era lized .
S in ce  w ashing the tank with d is t i l le d  water did not appear to free
the tank of contam inants it was decided to u se  another procedure. The
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tank was washed for four hours with a 1 4 0 °F .  stream of water at a flow 
rate  of about 0 . 2 5  g a l .  per min. The tank was then se a led  with epoxy 
glue to stop the leakag e  cau sed  by the above procedure. It was then 
f i l le d  and washed with d is t i l le d  water f ive  t im e s .
Air was bubbled into the tank for one hour each  run starting  with 
run Q to saturate  the tank with a ir .  The air went through two wash b a th s .  
The f irs t  contained 0 .  IN sodium hydroxide to remove the carbon dioxide 
and the second had d is t i l le d  w ater. These w ash bottles  a lso  removed 
any o il  from the air so u rce .
V elocity  measurem ents were made in the tube for the following 
three types of water: (1) d is t i l le d  water that was dem ineralized , (2) 
d is t i l le d  water that was boiled to remove the carbon d ioxid e, but not 
d em in eralized , (3) d is t i l le d  water that w as not dem ineralized .
The early runs,  bubbles made in the tube were measured in a 
cap illary  tube and then transferred to a p ie ce  of g la s s  tube with a 90 
degree bend, to form a v e r t ica l  o r i f ic e ,  by means of a rubber connector.
A cap illary  tube bent to form a one p iece  v e r t ica l  o r if ice  and measuring 
d e v ice  was used for the la s t  three bubble runs in the tu be.
The maximum error in the v e lo c ity  determination cau sed  by ruler 
m isp lacem ent, horizontal component of bubble motion toward the camera 
and focusing  errors in the camera was 4 .1  p ercen t. This es tim ate  is 
Shown in Appendix D.
The su rface  ten sio n  was determined by the DuNuoy Tensiom eter.
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The d isso lv ed  oxygen content was determined by the W inkler Method (1). 
The s p e c i f ic  conductivity  was measured on a conductance bridge in 
m icro-m hos per m illim eter. It was measured at three d ifferent voltages 
to give a more accu ra te  reading . The pH was measured with a Zeromatic 
pH M eter . The CC>2 content was measured in parts per million by 
titrating  100 ml. of the w ater sample in a N e s s le r 's  Tube with N /44  
sodium hydroxide using phenolphalein as  an ind icator. This method was 
d escribed  in Therox (28). Solid content was measured by drying 100 ml. 
of the water sample in a pre-w eighed platinum cru cib le  in an 8 0 ° C .  
water bath . After the cru cib le  was dry, it was p laced in a 1 0 0 ° C .  dry­
ing oven for two h o u rs . The sample was then cooled to room temperature 
in a d e s ic c a to r .  The so lid s  content was then ca lcu la ted  by the d iffer­
en ce  in w eight. The chlorine content was a lso  determined according to 
the Hach M ethod. Two hundred mg. of ortho-to lid ine  ( 3 . 3 ' -dim ethyl 
benzidine) were added to 25 ml. of the water sam ple. The percent 
transm ittance  was then read on a Bausch and Lomb Spectrophotometer a t 
440 mu. , and the amount of chlorine present was read from a chart (34).
RESULTS
A sample ca lcu la t io n  of the v e lo c ity  of one bubble is  shown in 
Appendix B.
The v e r t ica l  v e lo c i t ie s  were ca lcu la ted  for e a ch  bubble for which 
a c le a r  picture was a tta in ed . The z ig -z a g  v e lo c it ie s  were ca lcu la ted  
from the amplitude and the frequency of the o s c i l la t io n  data . Equiva­
lent radius was ca lcu la ted  from the volume of the air ca lcu la ted  from the 
length of the bubble and the radius of the cap illary  tubing u sed . Table 1 
g ives a lis t in g  of th is  data for each  bubble measured in the tank.
Figure 6 shows the amplitude of the b u bble 's  o s c i l la t io n  compared 
to  the v e r t ica l  v e lo c ity  a t a sp e c if ie d  range of equivalent radii of 0 . 8  to
1 . 0  mm.
Figure 7 shows the frequency of the b u bble 's  o s c i l la t io n  compared 
to the v e r t ica l  v e lo c ity  a t a sp e c if ie d  range of equivalent rad ii of 0 . 8  to
1 . 0  mm.
The tem perature, bubble volume and equivalent radius are l is ted  
in Table  2 for the d ifferent b u b b le s .  The Reynolds number, drag c o e f f i ­
c ie n t ,  and the W eber number were ca lcu la ted  and are shown in Table 2 . 
Figure 8 shows a plot of the drag c o e ff ic ie n t  plotted v s .  the Reynolds 




The w all e f fe c t  was ca lcu la ted  by equation (11), and the v er t ica l  
v e lo c it ie s  and the h e l ic a l  v e lo c it ie s  were corrected for the w all e f fe c t  
and they are shown in Table 3 . Figure 10 shows a plot of the v er t ica l  
v e lo c ity  corrected for the wall e f fe c t  ag a in st  the equivalent rad iu s .
Runs Q through X were made with capillary  tubing without a bend 
so that the bubbles were re lea se d  horizontally  from the o r i f ic e .  The 
bubble numbers corresponding to th ese  runs are l is ted  in Table 4 along 
with the cap illary  tubing bore s i z e .  Tank bubbles 1 to 64 and tube 
bubbles in runs through L were measured in the cap illary  tubing then 
p assed  through a rubber connector to a g la s s  tubing v er t ica l  o r i f ic e .  
Tube runs M , N and P used the cap illary  tubing bent to form the v e r t ica l  
o r i f i c e .
The equivalent rad ii ,  v e r t ica l  v e lo c i t ie s ,  and v e r t ica l  v e lo c i t ie s  
corrected  for w all e f fe c t  of the bubbles by equation (1 1 ) in the g la ss  
tube are shown in Table 5 .  The le tter  in the s e r ia l  number is  the run
number.
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VELOCITIES AND EQUIVALENT RADII OF BUBBLES IN A LARGE TANK
TABLE 1
S e ria l  Equi. O s c i l la t io n  of
Number Radius V elo c it ie s Bubbles
mm.
V ertical 
c m . / s e c .
Zig-Zag 
c m . / s e c .
H elica l  




c p s .
29 1 . 0 5 1 7 . 6 1 7 . 6 1 7 . 7 0 . 4 5 7 . 1
31 1 . 1 1 1 7 . 8 18 . 1 18 . 5 1 . 1 7 . 1
34 0 . 8 1 1 7 . 7 1 7 . 7 17 . 7 . 2 4 . 4
36 1 . 2 4 1 8 . 5 1 8 . 6 1 8 . 8 .9 5 . 9
37 1 . 1 7 18 . 1 18 . 5 19 . 0 1 . 3 7 . 1
38 0 . 8 8 1 7 . 4 17 . 5 17 . 6 . 4 7 . 9
39 1 . 1 7 1 8 . 4 1 8 . 8 19 . 3 1 . 3 5 7 . 1
40 0 . 9 1 1 7 . 6 1 7 . 7 1 7 . 7 . 45 7 . 1
42 1 . 2 4 1 7 . 1 1 7 . 6 1 8 . 4 1 . 5 5 7 . 1
43 1 . 0 3 1 6 . 6 1 7 . 2 18 . 0 1 . 25 8 . 9
44 1 . 0 9 16 . 5 1 6 . 8 17 . 3 1 . 2 7 . 1
46 1 . 1 2 2 5 . 1 2 7 . 1 2 9 . 8 5 . 7 4 . 4
47 0 . 7 8 1 5 . 7 1 5 . 7 1 5 . 8 . 4 3 . 6
71 0 . 5 9 1 2 . 5 12 . 5 12 . 5
72 0 . 8 8 3 1 . 5 3 2 . 3 3 3 . 5 3 . 0 5 5 . 9
73 0 . 8 5 2 2 . 7 2 3 . 2 2 3 . 9 1 . 3 8 . 9
74 0 . 7 8 2 6 . 6 2 7 . 8 2 9 . 5 3 . 9 5 5 . 1
75 0 . 9 3 3 0 . 0 3 0 . 5 3 1 . 2 1 . 9 7 . 1
76 0 . 4 7 9 . 8 9 . 8 9 . 8
77 0 . 6 5 1 4 . 4 1 4 . 4 1 4 . 4 . 25 5 . 9
80 0 . 6 4 1 2 . 7 12 . 7 12 . 7 . 25 5 . 9
81 0 . 8 6 1 8 . 6 19 . 0 1 9 . 6 1 . 1 8 . 9
82 0 . 8 8 3 0 . 5 3 0 . 8 3 1 . 3 1 . 6 7 . 1
83 0 . 9 6 2 8 . 8 2 9 . 8 3 1 . 1 3 . 6 5 5 . 1
84 0 . 7 6 1 4 . 3 14 . 5 1 4 . 8 . 7 8 . 9
85 0 . 6 7  . 1 3 . 9 1 3 . 9 • 13 . 9
86 • 0 . 9 1 3 0 . 4  ' 3 0 . 7 3 1 . 1 2 . 0 5 5 . 1
87 0 . 8 1 3 0 . 5 3 0 . 8 3 1 . 2 ’ 1 . 2 8 . 9
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TABLE 1— Continued
S e ria l
Number
Equi.
Radius V elo cit ies




c m . / s e c .
Zig-Zag 
cm . / s e c .
H elica l  




c p s .
88 0 . 7 8 1 6 . 0 1 6 . 0 16 . 0
89 0 . 8 3 15 . 1 15 . 1 15 . 2 . 4 8 . 9
90 0 . 8 5 15 . 5 1 5 . 5 15 . 5
91 0 . 7 8 14 . 5 1 4 . 5 14 . 5
92 0 . 7 8 14 . 6 1 4 . 6 1 4 . 6
93 0 . 6 7 2 2 . 7 2 2 . 7 2 2 . 7 . 15 5 . 1
95 0 . 5 1 9 . 9 9 . 9 9 . 9
96 0 . 6 2 1 4 . 7 1 4 . 7 1 4 . 7 0 . 3 8 . 9
97 0 . 5 4 1 1 . 9 1 1 . 9 1 1 . 9
1097 0 . 3 8 6 . 3 6 . 3 6 . 3
98 0 . 6 5 1 4 . 4 1 4 . 4 1 4 . 4
100 0 . 7 3 16 . 5 16 . 5 1 6 . 6 . 35 8 . 9
1 1 0 0 0 . 8 2 1 4 . 7 1 4 . 7 1 4 . 7 . 1 1 1 . 9
1 0 2 0 . 6 8 1 5 . 4 1 5 . 4 1 5 . 4 . 65 3 . 6
103 0 . 6 8 1 4 . 2 14 . 2 14 . 2
104 0 . 6 5 15 . 2 15 . 2 15 . 2 . 25 5 . 1
105 0 . 7 7 2 0 . 9 2 1 . 9 2 3 . 4 1 . 4 1 1 . 9
106 0 . 7 8 1 6 . 4 1 6 . 4 1 6 . 4 . 1 5 . 9
107 0 . 7 4 1 4 . 2 14 . 2 1 4 . 2
1 1 1 0 . 7 5 14 . 0 14.  1 14 . 2 .5 8 . 9
1 1 2 0 . 7 5 18 . 2 18 . 4 18 . 8 . 9 8 . 9
116 0 . 6 1 1 2 . 6 1 2 . 6 1 2 . 7 . 15 5 . 9
117 0 . 3 2 6 . 4 6 . 4 6 . 4
118 0 . 4 8 9 . 9 9 . 9 9 . 9 . 1 5 . 9
119 0 . 5 9 1 2 . 0 1 2 . 0 1 2 . 0
123 0 . 6 0 1 2 . 9 12 . 9 1 2 . 9 . 15 7 . 1
124 0 . 5 0 10 . 5 10 . 5 10 . 5 . 1 8 . 9
125 1 . 4 9 1 8 . 6 18 . 7 1 8 . 9 . 9 6 . 5
3
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Radius V elo c it ie s




c m . / s e c .
Zig-Zag 
c m . / s e c .
H elica l  Amplitude 
c m . / s e c .  mm.
Freq . 
c p s .
126 0 . 9 7 1 7 . 8 1 7 . 8 1 7 . 9 . 45 7 . 1
131 0 . 9 0 1 7 . 4 1 7 . 4 1 7 . 4 . 25 5 . 9
132 0 . 6 9 1 3 . 8 1 3 . 8 1 3 . 8
133 1 . 3 1 1 8 . 4 1 8 . 4 1 8 . 4 . 2 7 . 1
134 1 . 2 8 1 8 . 2 1 8 . 6 19 . 1 1 . 6 5 . 9
135 0 . 8 9 1 6 . 6 1 6 . 6 1 6 . 6
137 1 . 1 6 1 7 . 9 1 8 . 2 18 . 5 1 . 2 5 5 . 9
139 1 . 3 3 1 8 . 2 1 8 . 3 1 8 . 4 1 . 3 5 3 . 6
140 1 . 3 2 1 8 . 0 1 8 . 0 1 8 . 0 . 15 5 . 9
141 1 . 4 3 1 8 . 8 19 . 0 19 . 3 . 95 7 . 1
142 1 . 4 3 1 9 . 0 1 9 . 0 19 . 1 .5 5 . 9
143 0 . 9 8 18 . 0 18 . 1 18 . 1 . 4 8 . 9
144 1 . 2 2 1 8 . 6 1 9 . 0 19 . 5 1 . 1 8 . 9
147 0 . 7 3 15 . 1 15 . 1 15 . 1 .4 4 . 4
148 1 . 1 5 17 . 0 17 . 1 17 . 2 . 6 7 . 1
149 1 . 1 7 1 6 . 6 1 6 . 6 1 6 . 6 . 25 8 . 9
151 0 . 9 3 1 7 . 9 18 . 0 18 . 0 . 35 7 . 1
152 1 . 0 4 16 . 0 16 . 0 16 . 0 . 4 5 . 9
153 0 . 8 8 1 7 . 3 1 7 . 3 17 . 3 . 05 1 7 . 8
154 1 . 0 4 16 . 1 1 6 . 1 1 6 . 1 0 . 6 8 . 9
155 0 . 9 2 1 6 . 3 1 6 . 3 1 6 . 4 0 . 7 8 . 9




























F ig . 6 . — The Amplitude of the O sc il la t io n  from the R ectilin ear  
Path v_s. V ertical V e lo c it ie s  for Bubbles of Equivalent Radii of 0 . 8  to 





O • 8 to . 9  mm.
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V ertical V elocity  in c m . / s e c .
30 34
F ig . 7 . — Frequency of the O s c i l la t io n s  vs_. V ertical V elo c it ie s  
for F>ubbles o f Equivalent Radii of 0 . 8  to 1 .0  M illim eters in a Large 
Tank.
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TEMPERATURE, VOLUME AND DIMENSIONLESS NUMBERS FOR 









NRe C d NWe
29 2 0 . 0 4 . 8 1 3 6 5 . 0 0 . 8 8 9 0 . 8 8 5
31 2 0 . 0 5 . 6 5 3 9 0 . 8 0 . 9 1 2 0 . 9 6 1
34 2 0 . 0 2 . 2 6 2 8 5 . 7 0 . 6 8 3 0 . 6 9 7
36 2 0 . 0 7 . 9 1 4 5 4 . 6 0 . 9 4 3 1 . 1 6 3
37 2 0 . 0 6 . 7 8 4 2 2 . 7 0 . 9 3 5 1 . 0 5 8
38 2 0 . 0 2 . 8 3 3 0 4 . 0 0 . 7 5 4 0 . 7 3 3
39 2 0 . 0 6 . 7 8 4 2 8 . 5 0 . 9 1 0 1 . 0 8 7
40 2 0 . 0 3 . 1 1 3 1 7 . 0 0 . 7 6 3 0 . 7 7 2
42 2 0 . 0 7 . 9 1 4 1 8 . 7 1 . 1 1 2 0 . 9 8 6
43 2 0 . 0 4 . 5 2 3 3 8 . 6 0 . 9 7 2 0 . 7 7 7
44 2 0 . 0 5 . 3 7 3 5 5 . 7 1 . 0 4 6 0 . 8 1 0
46 2 0 . 0 5 . 9 4 5 6 0 . 8 0 . 4 6 5 1 . 9 4 7
47 2 0 . 0 1 . 9 8 2 4 3 . 5 0 . 8 2 3 0 . 5 2 9
71 2 1 . 5 0 . 8 5 1 5 1 . 4 0 . 9 8 0 0 . 2 5 4
72 2 1 . 5 2 . 8 3 5 6 8 . 6 0 . 2 3 2 2 . 4 0 1
73 2 1 . 5 2 . 5 5 3 9 6 . 3 0 . 4 2 9 1 . 2 0 8
74 2 1 . 5 1 . 9 8 4 2 7 . 3 0 . 2 8 7 1 . 5 2 7
75 2 2 . 0 3 . 3 9 5 8 2 . 8 0 . 2 7 1 2 . 3 1 5
76 2 2 . 5 0 . 4 3 9 6 . 2 1 . 2 7 3 0 . 1 2 3
77 2 2 . 5 1 . 1 3 1 9 6 . 1 0 . 8 1 6 0 . 3 6 9
80 17 . 5 1 . 0 8 1 4 8 . 4 1 . 0 3 8 0 . 2 7 8
81 17 . 5 2 . 6 9 2 9 5 . 9 0 . 6 5 2 0 . 8 1 5
82 17 . 5 2 . 8 3 4 9 3 . 3 0 . 2 4 7 2 . 2 2 7
83 17 . 5 3 . 6 8 5 0 9 . 3 0 . 3 0 1 2 . 1 7 5
84 17 . 5 1 . 8 4 2 0 0 . 8 0 . 9 6 9 0 . 4 2 6
85 17 . 5 1 . 2 7 1 7 2 . 2 0 . 9 1 2 0 . 3 5 4
86 1 7 . 5 3 . 1 1 5 0 8 . 2 0 . 2 5 6 2 . 2 8 9










NRe C d NWe
88 2 0 . 0 1 . 9 8 2 4 7 . 0 0 . 8 0 0 0 . 5 4 5
89 2 0 . 0 2 . 4 0 2 4 8 . 8 0 . 9 5 7 0 . 5 1 8
90 2 0 . 0 2 . 5 5 2 6 0 . 2 0 . 9 2 7 0 . 5 5 6
91 2 0 . 0 1 . 9 8 2 2 3 . 7 0 . 9 7 5 0 . 4 4 7
92 2 0 . 0 1 . 9 3 2 2 5 . 2 0 . 9 6 2 0 . 4 5 3
93 2 0 . 0 1 . 2 7 3 0 2 . 6 0 . 3 4 3 0 . 9 4 7
95 2 0 . 0 0 . 5 7 1 0 0 . 9 1 . 3 7 1 0.  138
96 2 0 . 0 0 . 9 9 1 8 0 . 4 0 . 7 5 0 0 . 3 6 6
97 2 0 . 0 0 . 6 5 1 2 7 . 2 0 . 9 9 2 0 . 2 0 9
1097 2 0 . 0 0 . 2 3 4 7 . 2 2 . 5 1 3 0 . 0 4 1
98 2 0 . 0 1 . 1 3 1 8 4 . 4 0 . 8 2 0 0 . 3 6 6
1 00 2 0 . 0 1 . 6 4 2 3 9 . 5 0 . 7 0 5 0 . 5 4 5
1 1 0 0 2 0 . 0 2 . 3 2 2 4 0 . 3 0 . 9 9 0 0 . 4 8 9
1 0 2 2 0 . 0 1 . 3 3 2 0 8 . 1 0 . 7 5 7 0 . 4 4 1
103 2 0 . 0 1 . 3 3 1 9 3 . 0 0 . 8 8 0 0 . 3 8 0
104 2 0 . 0 1 . 1 3 2 2 2 . 8 0 . 8 4 3 0 . 4 6 6
105 2 0 . 0 1 . 9 2 3 2 0 . 4 0 . 4 6 2 0 . 9 2 5
106 2 0 . 0 1 . 9 8 2 5 4 . 1 0 . 7 5 6 0 . 5 7 6
107 2 0 . 0 1 . 7 0 2 0 8 . 0 0 . 9 6 6 0 . 4 0  7
1 1 1 2 0 . 0 1 . 7 5 2 0 7 . 7 1 . 0 0 2 0 . 4 0 1
1 1 2 2 0 . 0 1 . 7 5 2 6 9 . 9 0 . 5 9 4 0 . 6 7 7
116 2 0 . 0 0 . 9 3 1 5 2 . 3 0 . 9 9 3 0 . 2 6 6
117 2 0 . 0 0 . 1 4 4 1 . 2 2 . 0 6 0 0 . 0 3 6
118 2 0 . 0 0 . 4 5 9 3 . 8 1 . 2 6 9 0 . 1 2 8
119 2 0 . 5 0 . 8 5 1 4 1 . 9 1 . 0 6 4 0 . 2 3 3
123 2 1 . 0 0 . 9 1 1 5 7 . 6 0 . 9 4 3 0 . 2 7 6
124 2 1 . 5 0 . 5 4 1 0 9 . 4 1 . 1 9 1 . 0 . 1 5 4
125 2 5 . 0 1 3 . 8 4 6 1 7 . 6 1 . 1 2 8 1 . 4 2 5
33
TABLE 2— Continued







n dRe c a NwWe
126 2 5 . 0 3 . 8 5 3 8 6 . 1 0 . 8 0 2 0 . 8 5 3
131 1 9 . 5 3 . 0 8 3 0 8 . 2 0 . 7 7 9 0 . 7 4 9
132 19 . 5 1 . 3 9 1 8 6 . 9 0 . 9 5 5 0 . 3 5 9
133 19 . 5 9 . 3 8 4 7 2 . 2 1 . 0 1 1 1 . 2 1 2
134 19 . 5 8 . 7 7 4 5 6 . 7 1 . 0 1 0 1 . 1 6 0
135 19 . 5 2 . 9 3 2 8 9 . 4 0 . 8 3 9 0 . 6 7 2
137 2 0 . 0 6 . 6 2 4 1 4 . 5 0 . 9 4 9 1 . 0 2 6
139 2 0 . 0 9 . 8 4 4 8 0 . 6 1 . 0 5 0 1 . 2 0 8
140 2 0 . 0 9 . 6 9 4 7 2 . 8 1 . 0 6 8 1 . 1 7 6
141 2 0 . 0 1 2 . 3 0 5 3 4 . 5 1 . 0 6 1 1 . 3 8 7
142 2 0 . 0 1 2 . 3 0 5 4 0 . 1 1 . 0 3 9 1 . 4 1 7
143 2 0 . 5 4 . 0 0 3 5 6 . 4 0 . 7 9 5 0 . 8 7 7
144 2 0 . 5 7 . 6 9 4 5 6 . 7 0 . 9 3 1 1 . 1 5 9
147 2 0 . 5 1 . 6 5 2 2 2 . 5 0 . 8 4 2 0 . 4 5 9
148 2 0 . 5 6 . 4 4 3 9 4 . 8 1 . 0 4 2 0 . 9 1 9
149 2 0 . 5 6 . 6 7 3 8 9 . 5 1 . 1 1 0 0 . 8 8 4
151 2 1 . 0 3 . 3 8 3 3 9 . 8 0 . 7 5 6 0 . 8 2 6
152 2 1 . 0 4 . 7 1 3 3 8 . 1 1 . 0 6 6 0 . 7 3 2
153 2 1 . 0 2 . 8 3 3 0 8 . 6 0 . 7 6 8 0 . 7 2 2
154 2 1 . 0 4 . 7 1 3 3 9 . 8 1 . 0 5 5 0 . 7 3 9
155 2 1 . 0 3 . 3 0 3 0 5 . 8 0 . 9 1 2 0 . 6 7 4








NRe 2̂re V P v /  Pvt*
F ig . 8 . - -D r a g  C o e ff ic ie n t  v s .  Reynolds Number for Bubbles in a 








F ig .  9 . - - Dr a g  C o e ff ic ie n t  vs_. W eber Number for Bubbles in a 
Large Tank • '
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VERTICAL AND HELICAL VELOCITIES CORRECTED FOR WALL 
EFFECT FOR BUBBLES IN THE TANK
TABLE 3
S e ria l Vert. Vert. H elica l H elica l
Number V el. Vel. Vel. Vel.
C o rr . Corr.
cm . / s e c . c m . / s e c . c m . / s e c . c m . / s e c .
29 1 7 . 6 1 7 . 8 1 7 . 7 1 7 . 9
31 1 7 . 8 1 8 . 1 18 . 5 1 8 . 8
34 1 7 . 7 1 7 . 9 17 . 7 1 7 . 9
36 1 8 . 5 1 8 . 9 18 . 8 19 . 2
37 1 8 . 1 1 8 . 4 19 . 0 1 9 . 4
38 1 7 . 4 1 7 . 7 17 . 6 1 7 . 8
39 1 8 . 4 1 8 . 7 1 9 . 3 1 9 . 7
4.0 1 7 . 6 1 7 . 9 1 7 . 7 18 . 0
42 1 7 . 1 1 7 . 4 1 8 . 4 1 8 . 7
43 1 6 . 6 1 6 . 9 18 . 0 18 . 3
44 1 6 . 5 1 6 . 7 1 7 . 3 1 7 . 6
46 2 5 . 1 2 5 . 6 2 9 . 8 3 0 . 3
47 1 5 . 7 1 5 . 9 15 . 8 1 5 . 9
71 12 . 5 1 2 . 6 12 . 5 1 2 . 6
72 3 1 . 5 3 1 . 9 3 3 . 5 3 3 . 9
73 2 2 . 7 2 3 . 0 2 3 . 9 2 4 . 2
74 2 6 . 6 2 7 . 0 2 9 . 5 2 9 . 8
75 3 0 . 0 3 0 . 4 3 1 . 2 3 1 . 6
76 9 . 8 9 . 8 9 . 8 9 . 9
77 1 4 . 4 14 . 5 1 4 . 4 1 4 . 6
80 1 2 . 7 1 2 . 8 12 . 7 1 2 . 8
81 1 8 . 6 1 8 . 8 1 9 . 6 1 9 . 8
82 3 0 . 5 3 0 . 9 3 1 . 3 3 1 . 7
83 2 8 . 8 2 9 . 3 3 1 . 1 3 1 . 6
84 1 4 . 3 14 . 5 14 . 8 1 5 . 0
85 1 3 . 9 14 . 0 1 3 . 9 14 . 0
86 3 0 . 4 3 0 . 8 3 1 . 1 3 1 . 5


































V e l .
c m . / s e c .
1 6 . 0
15 . 1
1 5 . 5
14 . 5
1 4 . 6
2 2 . 7
9 . 9
1 4 . 7
1 1 . 9
6 . 3
1 4 . 4
1 6 . 5
1 4 . 7
1 5 . 4
1 4 . 2
1 5 . 2
2 0 . 9
1 6 . 4
1 4 . 2
1 4 . 0
1 8 . 2




1 2 . 9  
10 . 6  




c m . / s e c .
16.  1
1 5 . 3
1 5 . 7
1 4 . 6
1 4 . 7  
2 2 . 9
10.0
1 4 . 8
12.0
6 . 3
1 4 . 5
1 6 . 7
1 4 . 9
15 . 5
1 4 . 4
1 5 . 3
2 1 . 1
1 6 . 6
1 4 . 3
14 . 1





1 3 . 0
10 . 6
1 9 . 0
H elica l
Vel.





1 4 . 6
2 2 . 7
9 . 9
1 4 . 7
1 1 . 9
6 . 3
1 4 . 4  
1 6 . 6
14 . 7
1 5 . 4
14 . 2
15 . 2
2 3 . 4
1 6 . 4
14 . 2
14 . 2
18 . 8  






























TABLE 3- - C ontinued
Vert. 
V e l .




c m . / s e c .
H elica l
Vel.
c m . / s e c .
1 7 . 8 18 . 1 1 7 . 9
1 7 . 4 1 7 . 6 1 7 . 4
1 3 . 8 1 3 . 9 1 3 . 8
1 8 . 4 1 8 . 6 19 . 1
1 6 . 6 1 6 . 8 1 6 . 6
1 7 . 9 18 . 2 18 . 5
1 8 . 2 1 8 . 5 1 8 . 4
1 8 . 0 1 8 . 4 18 . 0
1 8 . 8 19 . 2 1 9 . 3
1 9 . 0 1 9 . 4 19 . 1
1 8 . 0 18 . 3 18 . 1
1 8 . 6 1 8 . 9 1 9 . 5
1 5 . 1 15 . 3 15 . 1
1 7 . 0 17 . 3 1 7 . 2
1 6 . 6 1 6 . 9 16 . 6
1 7 . 9 18 . 2 18 . 0
1 6 . 0 16 . 2 16 . 0
1 7 . 3 17 . 5 17 . 3
16 . 1 16 . 3 16 . 1
1 6 . 3 16 . 5 1 6 . 4
























F ig .  1 0 . — V ertical V e lo c it ie s  Corrected for the W a ll  E ffect v s .  
Equivalent Radii for Bubbles in a Large Tank.
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TABLE 4
CAPILLARY TUBING BORE SIZE FOR DIFFERENT RUNS
Run Letter 
D esignator
C apillary  Tubing 




Q 0 . 6 71 - 79
R 0 . 6 80 - 86
S 0 . 6 87 - 98
T 0 . 6 99 - 1 1 0
U 0 . 6 1 1 1  - 124
V 1 .4 125 - 130
W 1 .4 131 - 144
X 1 .0 147 - 160
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EQUIVALENT RADII AND VERTICAL VELOCITIES CORRECTED 
FOR WALL EFFECT FOR BUBBLES IN THE TUBE 
(Water Temperature 2 0 - 2 3 ° C . )
TABLE 5







c m . /
s e c .
V. Vel. 
Corr. 
c m . /  








c m . /
s e c .
V. Vel. 
Corr. 
c m . /
S G C .
AO 1 .9 0 2 2 . 5 2 3 . 5 D31 . 98 2 2 . 7 2 3 . 8
AO 2 1 . 1 2 2 4 . 1 2 5 . 5 D32 1 . 0 7 2 0 . 0 2 1 . 1
A03 . 84 1 8 . 4 1 9 . 2 E33 . 76 1 6 . 7 1 7 . 3
A04 1 . 1 4 2 5 . 2 2 6 . 6 E34 . 65 1 4 . 3 1 4 . 8
A05 1 . 0 2 2 6 . 7 2 8 . 1 E35 . 98 1 6 . 2 1 7 . 0
A06 . 89 2 1 . 1 2 2 . 0 E36 . 98 1 6 . 5 1 7 . 4
AO 7 1 . 1 6 2 2 . 1 2 3 . 4 F37 1 . 0 5 1 6 . 2 1 7 . 1
A08 . 89 2 5 . 5 2 6 . 6 F38 . 98 1 5 . 6 1 6 . 4
AO 9 . 97 2 6 . 2 2 7 . 5 F39 . 94 1 6 . 2 1 7 . 0
A10 1 . 1 6 2 4 . 9 2 6 . 4 G40 . 91 1 7 . 2 1 8 . 0
B l l 1 . 0 2 2 6 . 7 2 8 . 1 G41 1 . 1 1 2 1 . 7 2 2 . 9
B12 1 . 0 8 1 8 . 4 1 9 . 4 G42 1 . 1 1 2 0 . 8 2 1 . 0
B13 1 . 1 3 2 1 . 4 2 2 . 6 G43 1 . 1 4 2 0 . 3 2 1 . 5
B14 . 60 1 4 . 7 15 . 1 G44 1 . 1 7 2 0 . 3 2 1 . 5
B16 1 . 4 4 19 . 8 2 1 . 3 G45 . 81 1 5 . 3 1 5 . 9
B17 . 81 1 4 . 8 1 5 . 4 G46 . 85 1 7 . 2 1 7 . 9
B18 . 70 1 4 . 9 1 5 . 4 H47 1 . 0 0 2 1 . 6 2 2 . 7
B 19 . 96 2 4 . 9 2 6 . 1 H48 1 . 0 3 2 0 . 6 2 1 . 7
C20 1 . 1 0 2 5 . 7 2 7 . 1 LI49 .8 1 15 . 3 1 5 . 9
C21 . 96 1 8 . 9 19 . 8 H50 1 . 1 2 2 7 . 6 2 9 . 2
C22 . 93 1 8 . 9 19 . 8 H51 1. 05 2 3 . 1 2 4 . 3
C23 1 . 0 0 1 8 . 5 1 9 . 4 J52 1 . 1 3 2 2 . 9 2 4 . 2
C24 . 96 18 . 5 1 9 . 4 J53 1 . 0 9 2 0 . 5 2 1 . 6
C25 . 96 2 0 . 0 2 1 . 0 J54 1 . 1 2 2 3 . 4 2 4 . 7
. C26 . 64 2 4 . 4 2 5 . 2 K55 . 98 1 9 . 0 1 9 . 9
C27 1 . 1 4 2 5 . 0 2 6 . 4 K5 6 1 . 0 0 1 7 . 6 1 8 . 5
C28 . 93 2 1 . 8 2 2 . 8 K58 1 . 1 0 2 1 . 3 2 2 . 5










c m . /  
s e c .
V. Vel. 
C o rr . 
c m . /  








c m . /
s e c .
V. Vel. 
Corr. 
c m . /  
s e c .
L60 1 . 1 4 2 2 . 2 2 3 . 5 N79 1 . 2 3 17 . 5 1 8 . 6
L61 1 . 2 8 2 6 . 3 2 8 . 0 N80 . 60 1 2 . 6 1 3 . 0
L62 1 . 2 4 2 5 . 0 2 6 . 6 P81 1 . 6 6 2 3 . 4 2 5 . 4
L63 1 . 4 2 2 0 . 0 2 1 . 5 P82 . 84 1 8 . 9 1 9 . 7
L64 1 . 25 1 6 . 6 1 7 . 7 P83 . 61 1 2 . 1 12 . 5
M65 1 . 2 1 18 . 5 1 9 . 7 P84 1 . 6 4 2 3 . 4 2 5 . 3
M 66 1 . 55 2 3 . 3 2 5 . 1 P85 . 63 1 5 . 6 1 6 . 4
M67 . 76 1 5 . 8 1 6 . 3 P86 . 60 15 . 6 1 6 . 0
M 68 1 . 5 0 2 3 . 1 2 4 . 9 P87 . 62 1 5 . 2 1 5 . 6
M69 1 . 4 9 19 . 5 2 1 . 1 P88 . 55 13 . 2 1 3 . 6
M70 1 . 4 1 2 1 . 1 2 2 . 7 P89 . 59 1 5 . 2 1 5 . 6
M71 1 . 61 2 4 . 5 2 6 . 5 P90 1 . 41 2 0 . 7 2 2 . 2
M72 1 . 5 4 1 9 . 4 2 0 . 9 P91 . 89 17 . 0 1 7 . 8
M73 1 . 2 7 2 1 . 6 2 3 . 0 P92 . 55 1 3 . 2 1 3 . 6
M74 1 . 6 3 2 6 . 5 2 8 . 7 P93 1 . 0 1 18 . 0 1 8 . 9
M75 1 . 2 7 2 5 . 3 2 7 . 0 P94 1 . 0 5 17 . 5 1 8 . 4
M76 1 . 5 8 2 5 . 8 2 7 . 9 P95 1 . 6 3 2 2 . 4 2 4 . 3
M77 1 . 4 7 1 9 . 8 2 1 . 3 P96 . 92 17 . 0 1 7 . 8
N78 1 . 2 7 2 1 . 6 2 3 . 0 P97 1 . 4 1 2 0 . 6 2 2 . 1
DISCUSSION OF RESULTS
Air bubble v e lo c i t ie s  in th is  work were gen erally  low , as  shown 
in Figure 10, compared to the re su lts  of previously  mentioned exp eri­
menters for air bubbles in d is t i l le d  or filtered  w ater.
O kazaki (18) stated  that sm all q u antities  of su rface  a c t iv e  agents 
in the water could ca u se  a large reduction in the v e l o c i t i e s .
Early resu lts  showed low v e lo c i t ie s  and indicated that impurities 
might have been present in the w ater. The condu ctiv ity , chlorine con­
t ent ,  so lid  co n ten t, carbon dioxide content and pH te s t s  fa iled  to show 
that there were s ig n if ica n t impurities in the w ater. The d e ta i ls  are 
shown in Appendix E. The te s t s  mentioned above could not ch eck  a l l  
p o s s ib le  sou rces  of contam ination. Other major p o ss ib le  sou rces  of 
contam ination were: (1 ) the paint on the tan k , (2 ) the p la s t ic  glue used 
in the construction  of the p la s t ic  tan k , (3) the p la s t ic  of the tank i t s e l f ,  
(4) foreign m ateria ls  from the dem ineralizer, (5) dust or g a s e s  from the 
a ir .  The g la ss  tube experim ents described  in the procedure and c a l ib ra ­
tion s  s e c t io n ,  were performed to elim inate some of th e s e  so u rces  of 
contam ination .
This study revea led  no s ig n if ican t difference, betw een v e lo c ity  of 
the bubbles in the tube and th ose  in the tank .
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Bubbles in the range o f 0 . 6  to 1 .2  mm. equivalent radii differ as 
to shape and motion. The shape changes from a sphere to an oblate  
spheroid . The tra jec to ry  changes from re c t i l in e a r  to an o sc i l la to ry  move­
ment in the horizontal d irection  while moving v e r t ic a l ly .  The radius at 
which the above phenomena occurs may vary, thus cau sing  a variation 
o f v e lo c it ie s  in th is  tran sitio n  reg io n .
In order to expla in  the v ariab ility  of v e lo c ity  data in the tan k , the 
p o s s ib i l i ty  that magnitude of the force  on the bubble while in the o r if ice  
a ffe c te d  the bu bble 's  shape and tra jecto ry  after r e le a s e  was co n sid ered . 
The r e le a s e  p ressu re ,  i .  e .  , the pressure on the bubble in the cap illary  
a t the time of r e le a s e ,  was not controlled in the bulk of the runs. The 
bubble flow rate in the cap illary  rubing for runs T through X was controlled 
with a U tube manometer. A r e le a s e  pressure of 5 cm. of Hg. was 
required to overcome the stead y  s ta te  fr ic t io n al fo rces  and move the 
bubble to the tank . In run T, the r e le a s e  pressure was varied from 5 . 6  
to 2 5 . 9  cm. of Hg. The re su lts  of th is se r ie s  are reported in Table 6 . 
In cre a se  in r e le a s e  pressure did not appear to ca u se  an in c re a se  in the 
bubble v e lo c ity .
o
The temperature varied from 17 . 5  to 25 C .  , but no sy ste m a tic  
variation  of v e lo c ity  with temperature was noted.
The points of runs U, V, W , and X in general follow the lower 
curve in Figure 10. In general the points that were above the curve 
showed greater amplitude o f  o s c i l la t io n .  Bubbles in this range of
45
EFFECT OF PRESSURE ON VELOCITY 
(Run T)
TABLE 6
S eria l R e le a se Equivalent Corrected
Number Pressu re Radii Vert. Vel.
cm. of Hg. mm. c m . / s e c .
100 5 . 7 0 . 7 3 1 6 . 7
1 1 0 0 5 . 7 0 . 8 2 1 4 . 9
1 0 2 5 . 8 0 . 6 8 15 . 5
103 6 . 4 0 . 6 8 1 4 . 4
104 6 . 4 0 . 6 5 1 5 . 3
105 1 5 . 8 0 . 7 7 2 1 . 1
106 1 7 . 8 0 . 7 8 1 6 . 6
107 17 . 2 0 . 7 4 1 4 . 3
equivalent radii are in the tran sition  region.
There was a s ig n if ic a n t  in c re a se  in the amplitude of the o s c i l l a ­
tion with an in creased  v e lo c ity .  This is  shown in Figure 5 .
SUMMARY
An a ccu ra te ,  low c o s t  photographic techniqu e was developed for 
studying the tra jecto ry  o f air  bubbles r is ing  unrestrained in w ater.
The e f fe c t  of se v e ra l  v ariab les  on v e lo c ity  and direction of bubble 
movement was studied . The following v ariab les  were studied with 
re sp e c t  to their e f fe c t  on bubble v e lo c ity :  equ ivalent radius; tem pera­
ture; contamination; r e le a s e  pressure; v e s s e l  s i z e ,  shape and con­
stru ction  m ateria l,  and orientation and s iz e  of the r e le a s e  capillary  
tu b e . The above mentioned variab les  with the exception  of equivalent 
rad iu s ,  contam ination and v e s s e l  s iz e  did not s ig n if ica n tly  e f fe c t  the 
v e lo c ity  of the bubble . Equation (11) was used to correct bubble v e lo c ity  
for the e f fe c t  of v e s s e l  s i z e .  Various t e s t s  were made to determine the 
le v e l  o f  contamination of the water used in th is experim ent. The le v e l 
o f  contam ination was found to be considerably  le s s  than the amount, as  
s ta ted  in the l itera tu re , that would ca u se  a lowering of the v e lo c i t ie s  to 
the le v e l  found in th is  study. For sm all a ir  bubbles a smooth curve 
showing in c re a se  o f v e lo c ity  with in c rea se  in equivalent radius was 
obta in ed . When th e  s iz e  of the air bubbles reach es  the tran sition  region 
the v e lo c i t ie s  in c re a se d ,  with bubble rad iu s, but consid erable  sca tte r
■ • , 9 v .
was in ev id en ce ,  the v e lo c ity  in one c a s e  varying by as  much as  a factor
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of two at a given radius.
It  was shown that the amplitude of the bubble o s c i l la t io n  from the 
re c t i l in e a r  path in creased  as  the v e r t ica l  v e lo c ity  in crea se d .
Air bubble v e lo c i t ie s  in th is  work were gen erally  low, as  shown in 
Figure 10 , compared to the re su lts  of previously  mentioned experim enters
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for air bubbles in d is t i l le d  or filtered  w ater.
RECOMMENDATIONS FOR FURTEIER WORK
The e f fe c t  of degree of a ir  or oxygen satu ration , the e f fe c t  of water 
c ircu la t io n  in the tank cau sed  by the lighting sy ste m , and the e f fe c t  to 
organic contaminants in the air  input system  on the v e lo c ity  of the air 
bubble were not evalu ated . One or both of th e se  e f fe c ts  may s ig n if ica n tly  
change the air bubble v e lo c ity  by changing the internal air  c ircu lation  
pattern of the bubble .
If  the number of s l i t s  were in creased  from four to eight the clarity  
of the bubble im ages would be maintained while in creasin g  the p rec is io n  
to which the path is  determ ined. This would enable  the re se a rch e r  to 
make more accu ra te  determination of the horizontal component of the 
v e lo c ity .  The frequency of the bubble o s c i l la t io n  could be more pre­
c i s e ly  determined.
If  two cam eras mounted 90 degrees apart and 45 degrees from the 
fa c e  of the tan k , with a belt with s l i t s  rather than the d isk  to synchronize 
the cam eras ,  would allow three dim ensional c a lc u la t io n s .
The S ch liere n  technique may be u tilized  to study the internal c ir ­
cu lation  patterns of the a ir  b u b b le s .
A g la s s  tank with g la s s  connecting a c c e s s o r ie s  should be used 
with any further study of the s u b je c t  to reduce the p o ss ib i l i ty  of contam i­
nation .
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RECOMMENDATIONS FOR FURTEIER WORK
The e ffe c t  of degree of air or oxygen satu ration , the e f fe c t  of water 
c ircu la tion  in the tank cau sed  by the lighting sy ste m , and the e f fe c t  of 
organic contaminants in the air  input system  on the v e lo c ity  of the air 
bubble were not evalu ated . One or both of th ese  e f fe c ts  may s ig n if ic a n tly  
change the air bubble v e lo c ity  by changing the internal air c ircu lation  
pattern of the bubble.
If  the number of s l i t s  were in creased  from four'to eight the clarity  
of the bubble images would be maintained while in creasin g  the p rec is io n  
to which the path is  determined. This would enable  the re sea rch er  to 
make more accu rate  determination of the horizontal component of the 
v e lo c ity .  The frequency of the bubble o s c i l la t io n  could be more pre­
c is e ly  determined.
I f  two cam eras mounted 90 degrees apart and 45 degrees from the 
fa c e  of the tank , with a belt with s l i t s  rather than the d isk  to synchronize 
the cam eras , would allow three dim ensional c a lc u la t io n s .
The S ch lieren  technique may be u tilized  to study the internal c ir ­
cu lation  patterns of the a ir  b u b b le s .
A g la s s  tank with g la ss  connecting  a c c e s s o r ie s  should be used 




a =  horizontal a x is  o f  the bubble 
b = v e r t ica l  a x is  of the bubble 
= drag c o e ff ic ie n t  (8gc re/ 3 V 2) 
d = diameter of the bubble in mm.
D = diameter o f the tank in mm.
O
g =  gravational co n stan t 9 8 0 . 6  c m . / s e c .  c
N =  number of in terv als  on film betw een bubble images 
N ^  = M Number (g p w V  p  w O '2)
N ^o = Reynolds Number (2re^  p  p  w)
NW e = "Weber Number (2re V2 p w/C T  )
r = radius of the bubble in mm.
rg =  equivalent radius of the bubble in mm.
R =  Radius of the tank in mm.
S =  ca lcu la ted  deviation from the v e r t ica l  v e lo c ity  in c m . / s e c .  
t =  t te s t
^d95 =  co rrec te d v e lo c ity  deviation at 95% confidence  limit in c m . / s e c .  
Vdgg =  corrected v e lo c ity  deviation at 99% confidence  limit in c m . / s e c .  
Vh =  h e l ic a l  v e lo c ity  in c m . / s e c .









= term inal v e lo c ity  in c m . / s e c .  
= v e lo c ity  in an in fin ite  medium 
=  v is c o s i ty  of air in p o ise  
=  v is c o s i ty  of w ater in p o ise  
=  density  o f air  in g m s . / c c .
=  density  of water in g m s . / c c .
= su rface  te n s io n  in d y n e s / c c .
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CAPILLARY BORE DETERMINATION
The data of Table A - l  are the re su lts  of t e s t s  which were made to 
determine the average diameter of a nominal 0 . 6  mm. cap illary  tubing 
used to measure the volume of the air b u b b le s .  The determinations were 
made by drawing mercury into the cap illary  tubing, measuring the length 
of the mercury in the tu be , transferring the mercury to a weighing bottle  
and weighing it to determine the weight of the mercury. The c a lc u la ­
tions of volume and bore radius were made from th e s e  read in gs .
TABLE A - l
VOLUME ERROR DETERMINATION
APPENDIX A
No. 1 No. 2 No. 3
Length of Hg in cm ................................ . . 1 6 . 3 5 1 6 . 6 2 0 . 0
W eight of Hg in gm ............................... . . 0 . 6 2 4 4 0 . 6 3 5 4 0 . 7 6 7 4
Volume of H in c c ................................ . . 0 . 0 4 6 0 . 0 . 0 4 6 9 0 . 0 5 6 7
g
Bore radius ca lcu la ted  from
Volume in mm.............................. . . 0 . 2 9 9 3 0 . 2 9 9 9 0 . 3 0 0 4
Variation from M anufacturer's
S p e c if ic a t io n  in mm................ . . 0 . 0 0 0 7 0 . 0 0 0 1 0 . 0 0 0 4
The average variation  in bore radius was 0 . 0 4  p ercent.
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SAMPLE CALCULATIONS
A sample ca lc u la t io n  for re su lts  on a ty p ica l  s in g le  bubble as 
measured in the tank is presented as follow s:
Table B - l  l i s t s  the in it ia l  data recorded for the bubble .
TABLE B - l
INITIAL BUBBLE DATA
APPENDIX B
Bubble Seria l N u m b e r ................................... ........................................................ 87
W ater Temperature in ° C .......................................................................................2 0 . 0
C ap illary  Tubing Radius in mm...........................................................................  0 . 3
Bubble Length in C ap illary  Tubing in mm....................................................  8 .0
Number of Bubble Im a g e s .......................................................................................  9
Image Points in cm .....................................................................................................4 6 . 9 5
4 7 . 8 5
4 8 . 7 3
4 9 . 5 8
5 0 . 4 1
5 1 . 2 4
5 2 . 1 7
5 2 . 9 7
5 3 . 8 0
S l i t  V elocity  in c p s ....................................... .............................. .... 3 5 . 6
D iam eter Across H elica l  or Zig-Zag Path in mm................ .....................  2 .4
Im ages per O s c i l la t io n  . . . ' ..............................................................................  4
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The equivalent radius of the bubble is  given by 
( 0 . 75  x  ( 0 . 3 2 x  8 . 0) )  1 //3  =  0 . 8 1 4 3  mm.
The d is ta n ce  between bubble images (X) along with the deviation 
from the average d is ta n ce  is  given in Table B- 2 .
TABLE B-2
DISTANCES AND DEVIATIONS
X , c m . ( x - x j  x l o 2 ( x - x ) 2 x  :
0 . 9 0 4 3 . 7 5 1 9 . 1 4
0 . 8 8 2 3 . 7 5 5 . 6 4
0 . 8 5 6 . 2 5 0 . 3 9
0 . 8 3 2 6 . 2 5 6 . 8 9
0 . 8 3 2 6 . 2 5 6 . 8 9
0 . 9 3 7 3 . 7 5 5 3 . 3 9
0 . 8 0 5 6 . 2 5 3 1 . 6 4
0 . 8 3 2 6 . 2 5 6 . 8 9
X X / N  - 6 . 8 5 / 8  -  0 . 8 5 6
S ®  = [ I  (X-X) 2 /  (Nx ( N - l ))]1 / 2 = ( 0 .0 1 3 1 8 / 5 6 ) 1/72 = 0 . 0 1 5 3 4  cm.
SOO x  tg 05 7 = 0 . 0 1 5 3 4  x 2 . 3 6 5  -  0 . 0 3 6 2 9  cm.
The deviation in v e lo c ity  for each d is ta n ce  interval for the 95 per­
cent confid ence  le v e l is  given by: number of im ages per second x  co n ­
fid en ce  interval = 3 5 . 6  x  0 . 0 3 6 2 9  = 1 . 2 9  c m . / s e c .
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The average v e r t ica l  v e lo c ity  for the bubble is  given by: bubble 
im ages per second x average d is ta n ce  betw een im ages =  3 5 . 6  x  0 . 8 5 6 2 5 .  
The p o ss ib le  range for a l l  such  averages for th is  bubble could be 
3 0 . 4 8  + 1 . 2 9  at the 95 percent confidence  lim it.
Further p h ysica l data was found in a standard re feren ce  so u rce .  
n r 6 =  (2re P  wv/  ^  w) = (2 x  0 . 0 8 1 4 3  x 0 . 9 9 8 7 3  x  3 0 . 4 8 /  
0 . 0 1 0 0 5 )  = 4 9 3 . 3
C d =  ^ g ^ V 2) = (8 x  0 . 0 8 1 4 3  x 9 8 0 . 66) / ( 3  x  3 0 . 4 8 2) -  0 . 2 2 9  
The bubble o s c i l la t io n  frequency is  given by: bubble images per 
secon d /  number im ages per second = 3 5 . 6 / 4  -  8 . 9  c y c le s  per seco n d .
The d is tan ce  covered by the bubble in one c y c le  is  given by: 
v e r t ica l  v e lo c ity  /  frequency of the bubble o s c i l la t io n  = 3 0 . 4 8  /  8 . 9  = 
3 . 4 2 5  cm.
2
The z ig -z a g  v e lo c ity  is  given by: ((horizontal component) + 
(vertical component) 2 ) 1 //2  x  frequency = ( (0 .2 4  x 2) 2 + ( 3 .4 2 5 ) 2) 1//2 x
8 . 9  = 3 . 4 5 8  x  8 . 9  =  3 0 . 7 8  c m . / s e c .
2The h e l ic a l  v e lo c ity  is  given by: ((horizontal component) + 
(vertica l component) 2 ) 1//2  x  frequency = ( (0 .2 4  x f T ) 2 +  ( 3 . 425) 2) 1 //2  x
8 . 9  = 3 . 5 0 7  x  8 . 9  = 3 1 . 2 1  c m . / s e c .
3 3 o
The volume is  g iven by: 4 re/ 3  =  (4 7Tx 0 . 0 8 1 4  ) / 3  = 2 . 2 6  mm.
NW e = (2reV2p  W/ C T )  = ( 2 . 0  x  0 . 0 8 1 4  x  ( 3 0 . 4 8 ) 2 x  0 . 9 9 8 7 3  /




The time between exposures of the film was dependent on the speed 
of the driving motor as  geared down with the speed reducer .  The a c c u ­
racy of the shaft  speed was checked with a tachometer for both d i s k s .
A C h i-sq u are  t e s t  was used on the resulting data to determine if the 
rated speed of  534 rpm. was correc t .  Twenty readings were taken for 
e a ch  d isk .  The resu lts  of  the t e s t  are shown in Table  C - l .
TABLE C - l
RESULTS OF THE CHI-SQUARE TEST
Sum of (Observed -  Expected) 
Chi-Squares = (0 -  E )^ / 5 3 4  .
Degree  of F r e e d o m ......................
0 . 9 9  Probability Chi-Square  .
1 S l i t  4 S li ts
380 613
0 . 7 1 1  1 . 2 7
20 20
8 . 2 6 0  8 . 2 6 0
This ind ica tes  that the rated speed is  valid for the 0 . 9 9  co nf i ­
dence  l e v e l .
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ERRORS IN THE IMAGE RECORDING
When the bubble moved ver t ica l ly  without various in s t a b i l i t i e s  in 
i t s  motion, and in the plane of the ruler,  there was no diff iculty  in 
determining bubble ve lo c i ty  accu ra te ly .
Errors in the v e lo c i ty  determination could have been caused by the 
following: (l) the placement of the ruler in front of or behind the focal  
p lan e ,  (2 ) the movement of the horizontal component of the bubble o s c i l ­
la tion or by the bubble 's  no n-v er t ica l  re c t i l inear  component.
The camera recorded only images that were 40 to 60 cm. from the 
bottom of the tank. The film was located 70 cm. from the bubble as 
i l lustrated in Figure D - l .
The maximum horizontal  movement observed for a bubble was about
1 . 5  cm. at s ix ty  cm. and about 1 . 0  cm. at forty cm. from the bottom of 
the tank .  The reading errors were as  follows: (1) 0 . 2 6  cm. when the 
bubble image was in front of the ruler image and 10  cm. above the lens 
a x i s ,  (2) 0 . 2 4  cm. when the bubble image was behind the ruler image 
and 10 cm. above the lens  a x i s ,  (3) 0 . 1 7  cm. when the bubble image 
was in front of the ruler image and 10 cm. below the lens a x i s ,  (4)
0 . 1 6  cm. when the bubble image was behind the ruler image and 10 cm. 
below the lens  a x is  as  shown in Figure D - l .
APPENDIX D
In order to determine the maximum error one must f irst  consider  a
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bubble traveling at an average ve lo c i ty  of 34 c m . / s e c .  The maximum 
d is ta n ce  it would have travel led in 10 d is tan ce  intervals  was 9 . 6  cm. 
The type (2), c a s e  (1) error plus an additional error of the ruler being 
located  1 cm. behind its  predetermined lo ca t io n ,  would have caused 
the bubble to be 2 . 5  cm. c lo se r  to the camera than the ruler.  If the 
bubble is  measured as  it travels  from a point 5 0 . 0  cm. to a point 5 9 . 6  
cm. above the lens ax is  the error is  given by: (9 .6  x  2 . 5 ) / 5 8 . 5  = 
0 . 4 1  cm. The percentage error was 4 . 3 .
the Velocity of the Bubble from the Rect i l inear  Path and by Ruler M isplacem ent .
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RESULTS OF WATER PURITY TESTS 
(Run W)
In Table E - l ,  the resu lts  of various water purity te s t s  are shown 
along with other phy s ica l  data.
TABLE E - l
WATER PURITY TESTS AND PHYSICAL DATA 
(Run W)
Room Air Temperature,  ° C .................................................................... 2 4 . 0
Tank Water  Temperature,  ° C ..............................................................1 9 .5  -  2 0 . 5
Bubble Ser ia l  N u m b e r s .......................................................................... 131 -  144
S p e c i f i c  Conductivity ,  micro-m hos................................................ 0 . 5
Carbon Dioxide,  ppm............................................................................  2
Chlo r ine ,  ppm..............................................................................................  0 . 0 0 3
D isso lv e d  Oxygen, ppm........................................................................  8 . 3
p H .....................................................................................................................  5 . 4
S o l id s ,  ppm...................................................................................................  4
The total  concentration of surface  ac t iv e  agents  was l e s s  than the 
4 parts per mill ion determination for total  s o l i d s .
APPENDIX E
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